The problem of stationary robust L -induced deconvolution filtering for the uncertain continuous-time linear stochastic systems is addressed. The state space model of the system contains state-and input-dependent noise and deterministic parameter uncertainties residing in a given polytope. In the presence of input-dependent noise, we extend the derived lemma in Berman and Shaked (2010) characterizing the induced L norm by linear matrix inequalities (LMIs), according to which we solve the deconvolution problem in the quadratic framework. By decoupling product terms between the Lyapunov matrix and system matrices, an improved version of the proposed L -induced norm bound lemma for continuous-time stochastic systems is obtained, which allows us to realize exploit parameter-dependent stability idea in the deconvolution filter design. The theories presented are utilized for sensor fault reconstruction in uncertain linear stochastic systems. The effectiveness and advantages of the proposed design methods are shown via two numerical examples.
Introduction
The aim of deconvolution filter is the estimation of the unknown input signal of a system by means of measured outputs.
Deconvolution problem has comprehensive use in environments such as equalization, image restoration, speech processing, and fault detection (see [1, 2] and the references therein). One of the widely used approaches for the deconvolution problem is the approach of minimum variance deconvolution, see [1, 2] for a concise description. However, such approach has some limitations due to the fact that it requires the exact knowledge of the dynamic model of the system and the statistics of the noise signals. Therefore, its performance deteriorates significantly in presence of parameter uncertainties.
Two types of uncertainties have been considered in the literature. The first type is the deterministic uncertainties which are commonly posed in two forms: norm-bounded uncertainty and convex-polytopic uncertainty. Polytopic uncertainty is utilized exhaustively in robust estimation of uncertain systems whose parameters are not known thoroughly and lie in a given convexbounded polytopic domain [1] . The second type is the stochastic uncertainties which have been considered to be multiplicative noise or Markov jump perturbations. Markov jump systems are efficiently used to model the systems which sudden variations occur in their structures. Such systems encountered in many practical applications, see e.g., [3, 4] . In the case of stochastic systems with multiplicative noise, the parameter uncertainties are modeled as white noise processes [5] . Such models of uncertainties are common in many branches of science, e.g., economics, population models, immunology (see e.g., [5, 6] and the references therein), and several engineering applications such as communication channel equalization, image processing, space navigation, and fault detection (see [7, 8] ).
In the recent years, the problems of H and 2 LL deconvolution [9, 10] have attracted attention for linear stochastic systems governed by the Itô-type stochastic differential equations with multiplicative white noise. The variance of the multiplicative noise depends on the states or inputs of the system. In contrast with the minimum variance deconvolution approach, H and 2 LL methods require no statistical knowledge about the exogenous disturbances, and the disturbances should only have bounded energy. Likewise, these filters are robust against parameter uncertainties. In [11] , a stochastic bounded real lemma was presented in terms of LMIs, which has played an important role in H filtering design for the linear continues-time stochastic systems. Based on this important lemma, a proper filter has been proposed for the stochastic reduced-order H estimating in [12] which estimates a linear combination of state and exogenous input signals, and in [9] an H deconvolution filter has also been designed for the linear stochastic systems with state-multiplicative (state-dependent) noise and deterministic interval uncertainties. In the discrete-time case, deconvolution filtering for communication channels in which the modeling error is characterized in terms of multiplicative white noise perturbations has been designed by minimax approaches in state space setup in [13] and via a polynomial approach in [14] .
Although in designing H and 2 LL filters the exogenous disturbances are supposedly of 2 L type (energy-bounded signals), in practice, they often have a bounded peak (of L type). These disturbances are known as persistent bounded disturbances which are studied in the 1 L control theory [15] . For such types of disturbances, the induced operator norm is the induced L or 'peak to peak' norm of the linear system under investigation (or the 1 L norm of its impulse response). Based on the approach of bounding the reachable set with inescapable ellipsoids and the LMI technique, peak-to-peak gain minimization problem of linear continuous-time systems has been solved in [16] . In this problem, the objective is minimizing the * -norm, which is an upper bound on the induced L norm, rather than minimizing the induced L norm directly. In a manner similar to [16] , Scherer et al. [17] have presented a sufficient condition in terms of LMIs for an upper bound of the peak-to-peak norm of the underlying system. In discrete-time counterpart, results similar to [17] have been obtained in [18, 19] .
The problem of designing robust filter for uncertain polytopic linear systems with guaranteed 1 L performance has been addressed in [20, 21] by using the results of [17, 18] , respectively. In the case of state-multiplicative stochastic systems, recently Berman and Shaked [22] have extended the cited condition in [17] and established an important lemma according to which stochastic estimation in the induced L norm sense is discussed. Motivated by the ideas on [16] , a robust peak-to-peak filter recently has also been designed for a class of uncertain Markov jump systems in [4] .
The aforementioned robust peak-to-peak filtering methods are based on the notion of quadratic stability. These methods can produce conservative results, because the same parameter-independent Lyapunov function must be used for the entire uncertainty domain [23] . To reduce the conservatism of the quadratic framework, the parameter-dependent stability idea has been utilized by some researchers to investigate the H and 2 LL filtering problems for uncertain polytopic linear systems, see e.g., [23, 24] . In [25, 26] less-conservative 1 L performance conditions in terms of LMIs have been proposed by decoupling the product terms between the Lyapunov matrix and system matrices by introducing slack matrix variables, upon which the robust peak-to-peak filters are obtained from the solution of convex optimization problems. In the stochastic context, two parameter-dependent continuous-time bounded real lemmas are proposed in [27] for uncertain polytopic linear systems with stochastic uncertainties. By using the parameter-dependent Lyapunov function method, the problem of H filtering for linear stochastic systems with polytopic uncertainties has been investigated in [5] for the continuous-time case and in [28] for the discrete-time case. Recently the robust H and 2 LL deconvolution filters have been designed in [10] for uncertain linear stochastic systems by using homogeneous polynomial parameter-dependent matrix (HPPDM) approach.
We extend the results of the stochastic peak-to-peak filtering [22] to the deconvolution problem for linear stochastic systems, in the stationary case. In this paper, we propose two approaches, namely robust stochastic L -induced deconvolution filtering and improved robust stochastic L -induced deconvolution filtering. At the first we extend lemma 1 of [22] to the case where input-dependent noise is considered. Based on this developed lemma, the induced L deconvolution filtering is designed using LMI techniques in the quadratic framework. The proposed deconvolution filter is also extended to the case in which the deterministic component of state space model matrices and the covariance matrices of multiplicative noises are uncertain and reside in a given polytopic type domain. By decoupling product terms between the Lyapunov matrix and system matrices, an improved version of the proposed L -induced norm bound Lemma for continuous-time stochastic systems is obtained, which allows us to realize exploit parameter-dependent stability idea in the deconvolution filter design. 
Problem formulation
We consider the following linear stochastic system with state-and input-dependent noise: In the following theorem, necessary and sufficient conditions for exponential stability in the mean square sense are given. 
Considering the ESMS system of (1a-c) and the filter of (2) and denotingˆT TT xx , the following augmented system, which shows the filtering error dynamic, will be obtained: 
Now, we assume that the matrices , , , , Given 0 , the aim of robust stochastic peak-to-peak deconvolution filter is to seek for estimationˆ() zt from () zt over the infinite time horizon [ 0 ,) in such a way that S J of (3) is negative for all nonzero ( ) () t q tL and for all uncertainties belonging to the polytope (6) , that is, 22 2 / z which implies that the ratio between the peak value of the mean-square of the estimation error, i.e., Remark 1. Since () zt includes both state and unknown input of the system, the filter of (2) can be used for estimating a linear combination of the state and of the input.
Main results
Using Proposition 1, we make the following lemma which is the extension of Lemma 1 of [22] . The Lemma 1 gives a sufficient condition for an upper bound of the peak-to-peak norm of the system (4).
Lemma 1.
Consider the ESMS system (1a-c) without polytopic uncertainties and the deconvolution filter (2) and let 0 be given. The filtering error system (4) is ESMS, and S J of (3) Proof. See Appendix A.
Remark 2.
Note that the inequalities (7) and (8) are nonlinear duo to products between and Q . Therefore, (7) and (8) become LMIs only if the variable is fixed.
Remark 3.
It should be emphasized that Lemma 1 is based on mean-square quadratic stability notion. When the Lemma 1 is extended to cope with the stochastic system (1) with uncertainties residing in the polytope (6), the Lyapunov matrix Q is set to be fixed, which is required to satisfy each vertex of the polytope (6) . Therefore, such extended lemma may lead to very conservative results. Motivated by the approach used in [31] , an improved LMI representation of stochastic bounded real lemma has been derived for uncertain continuous-time stochastic systems in [5] . Following the same lines used in [5] , we will present an improved version of Lemma 1 by decoupling the product terms between the Lyapunov matrix Q and system matrices.
Lemma 2.
Consider the ESMS system (1a-c) without polytopic uncertainties and the deconvolution filter (2) and let 0 be given. The filtering error system (4) is ESMS, and S J of (3) 
Robust stochastic L -induced deconvolution filter
In this section, we solve the robust stochastic L -induced deconvolution filtering problem based on the lemma 1 in the quadratic framework. To facilitate the presentation of our results, first consider the stochastic system (1) is without polytopic uncertainties. Now, we give the following theorem.
Theorem 1.
We consider the ESMS system (1a-c) without polytopic uncertainties and the deconvolution filter of (2), and let 0 and 0 be given constants. Then the following holds:
(a) The filtering error system (4) is ESMS, and S J of (3) (10a,b) is satisfied, the matrices of an admissible L -induced deconvolution filter in the form of (2) Proof. See Appendix C.
Due to the fact that LMIs (10a,b) are affine in the system parameters, Theorem 1 can be extended for the case which these parameters are uncertain and lie in the polytope (6).
Corollary 1. (Robust stochastic L -induced deconvolution filtering)
Consider the ESMS system (1a-c) over the polytope (6) and the deconvolution filter of (2). Given 0 and 0 , The filtering error system (4) for all the polytope vertices. In the latter case, the robust deconvolution filter matrices are obtained via (11).
Improved robust stochastic L -induced deconvolution filter
In this section, an improved robust L -induced deconvolution filter is designed by using Lemma 2 and an idea of structured parameter-dependent matrices. To facilitate the presentation of our results, first consider the stochastic system (1) is without polytopic uncertainties. The following theorem provides sufficient conditions for the existence of admissible peak-to-peak filters for stochastic systems without deterministic uncertainties.
Theorem 2.
We consider the ESMS system (1a-c) without polytopic uncertainties and the deconvolution filter of (2), and let 0 and 0 be given constants. For a sufficiently small scalar 0 , the following holds:
(a) The filtering error system (4) is ESMS, and S J of (3) Remark 5. It is worth noting that for the uncertain case if we solve the robust filter design problem by following the idea in [25] , we need to set the general-structured matrix W in Lemma 2 to be constant for the entire uncertainty domain. However, it is observed from the proof of Theorem 2 that when 
Corollary 2.
We consider the ESMS system (1a-c) over the polytope (6) and the deconvolution filter of (2), and let 0 and 0 be given constants. For a sufficiently small scalar 0 , the following holds:
(a) The filtering error system (4) is ESMS, and S J of (3) 
is satisfied, the matrices of an admissible robust improved L -induced deconvolution filter in the form of (2) are given by (13).
Remark 6.
The LMI conditions in Corollary 2 still cannot be implemented due to it infinite-dimensional nature in the parameter . Our purpose hereafter is to transform the infinite-dimensional condition in Corollary 2 into finite-dimensional condition that depends only on the vertex matrices of the polytope . Then, we have the main filtering result in the following theorem.
Theorem 3. (Improved robust stochastic L -induced deconvolution filtering)
(b) If (15a-c) is satisfied, the matrices of an admissible robust improved L -induced deconvolution filter in the form of (2) are given by (13) .
Proof. See Appendix E.
Remark 7.
Observe that for given and , the conditions in Theorem 3 are LMIs not only over the matrix variables, but also over the scalar . This implies that the scalar can be included as an optimization variable to obtain a reduction of the upper bound of the peak-to-peak norm of the deconvolution error system (4). Then the minimum (in terms of the feasibility of ). The question arises how to find the optimal combination of these parameters in order to obtain a tighter upper bound. The proposed way in [32] to address the tuning issue is to choose for a cost function the parameter t min that is obtained while solving the feasibility problem using Matlab's LMI toolbox [33] . This scalar parameter is positive in cases where the combination of the tuning parameters is one that does not allow a feasible solution to the set of LMIs considered. Applying a numerical optimization algorithm, such as the function fminsearchbnd of Matlab [34], to the above cost function, a locally convergent solution to the problem is obtained. If the resulting minimum value of the cost function is negative, the tuning parameters that solve the problem are found.
Remark 9. Theorem 1 and Corollary 1 apply only the tuning parameter . The best possible upper bound is found by combining the minimization of () for fixed with a line search over 0 2 m a x ( ( )) r e a le i gA [17, 19] .
Application to fault reconstruction
The main contribution of this section is the generalization of the obtained results for sensor fault reconstruction problem in [29] to continuous time stochastic systems by the L -induced deconvolution filter. It is worth mentioning that fault reconstruction is different from the common fault detection and isolation (FDI) methods based on the residual generation techniques in the sense that it not only detects and isolates the fault, but also provides an estimate of the fault. This approach is very useful for incipient (slowly varying) faults, which are very difficult to detect. A detailed description of robust reconstruction and discussion of its importance can be found in [29, 35] .
With injection a sensor fault in the measured output of the stochastic system (1), we have are the sensor faults. The vector () t here is assumed to be the exogenous disturbance which presents nonlinearities, unmodeled dynamics and uncertainties [29] . The dimensions of the state, output and fault vectors satisfy nrp . Without loss of generality, it can be assumed that the outputs of the system have been reordered (and scaled if necessary) so that the matrix F has the following structure . Notice now that systems (19a) and (21a) make up a fault-free system.
Motivated by [29] , to reconstruct the fault () ft we design a fault estimation filter based on a deconvolution filter for the fault-free system defined by (19a) and (21a), which is of the following form: 
The objective now would be to minimize the effect of on the reconstruction error f e . This can be achieved using the 
Theorem 4.
We consider the ESMS system (19a,b) and the fault estimation filter of (22) , and let 0 and 0 be given constants. For a sufficiently small scalar 0 , the following holds:
(a) The reconstruction error system (23) is ESMS, and F J of (25) (26a,b) is satisfied, the matrices of an admissible robust fault estimation filter in the form of (22) are given by (13) .
The proof of Theorem 4 can be established based on Lemma 2 and using similar techniques to those in Appendix D, and thus is omitted here
Illustrative examples
In this section, we provide two examples to demonstrate the effectiveness of the proposed design methods. Example 1 is for the unknown input estimation problem, while Example 2 is for the fault estimation problem.
Unknown input estimation
In this subsection, we use the following example, which is taken from [10] , to demonstrate the usefulness of two proposed approaches for the deconvolution problem. Consider the linear continuous-time stochastic system (1a-c) with the parameters as follows: (27) where a is a bounded constant uncertain parameter satisfying 0.3 a . This uncertain system can be modeled with a twovertex polytope.
We solve the filtering problem for this system by two approaches described as follows:
1. (Quadratic stability approach) By Corollary 1, the obtained minimum upper bound to the L -induced norm of the system (4) with the line search on is 0.7278 for ( 2.5 ), and also we obtain 0.4113 and the associated matrices for the deconvolution filter as follows: 
The above calculated results show that for this example, the robust filtering result in the quadratic framework is conservative than the structured parameter-dependent approach. Note that, how it was written in Remark 8, a better selection of the scalar and can be done using the Matlab function fminsearchbnd.
Fault estimation
In this subsection, the stochastic peak-to-peak fault estimation is exploited for reconstruction the sensor fault in an inverted pendulum example which is taken from [36] . We consider a single degree of freedom inverted pendulum system with the multiplicative white noise, which has been stabilized with a pre-designed controller using the stochastic nonlinear H state feedback method [36] . The model of the inverted pendulum system is given by 2 1 g s i n () m l m lu (30) where is the spring coefficient, is damping coefficient, and is the stochastic uncertainty in the damping. is the inclination angle of the pendulum, l and m are its length and mass, respectively, and g is the gravitational acceleration. u is the control input that has been pre-designed as 2 12 u k k ml , and 1 is the exogenous disturbance acting on the control input u , which is considered as a zero-mean white noise with intensity 1 R .
A linearization of the nonlinear system (30) has been made about the equilibrium point at the origin. 
The fault estimation filter (22) is used for reconstruction of the sensor fault () ft in the nonlinear stochastic system (30) . The nonlinear simulation result is shown in Fig. 1 . From Fig. 1 , it is obvious that the proposed fault reconstruction scheme reconstructs the fault perfectly when sensor fault is applied in the presence of the multiplicative noise and the additive noises 1 and 2 . 
Conclusions
In the present paper, we have discussed the problem of peak-to-peak deconvolution filtering for stationary uncertain continuous-time linear stochastic systems with state-and input-dependent noise. Based on proposed L -induced performance characterizations, sufficient conditions for the existence of two desired deconvolution filters are presented in terms of LMIs, which guarantee the mean-square exponential stability of filtering error dynamic and satisfy the given peak-to-peak performance index. The obtained results from the parameter-dependent stability based approach are less conservative than the existing one in the quadratic framework. The improved robust L -induced filtering technique is used to design a fault estimation filter. Two simulation examples have been exploited to demonstrate the effectiveness of the proposed design procedures.
Appendix A. Proof of Lemma 1
Proof. This Lemma can be proven through a trend similar to the proof of Lemma 1 in [22] . QI is the covariance matrix of () t .
The inequality (7) can be rewritten using Schur complements as follows: Taking the expectation of the latter inequality, we find that 
Appendix B. Proof of Lemma 2
Proof. This Lemma can be proven through a trend similar to the proof of Proposition 3.1 in [5] .
The Lemma is proved by showing the equivalence between (7) and (9) . First, inequality (9) is equivalent to and is sufficiently small positive, (B.5) is in fact equivalent to (7) , and the proof is completed.
